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We study grain-scale mechanical and geometrical features of partially crystallized packings of frictional
spheres, produced experimentally by a vibrational protocol. By combining x-ray computed tomography,
3D image analysis, and discrete element method simulations, we have access to the 3D structure of internal
forces. We investigate how the network of mechanical contacts and intergranular forces change when the
packing structure evolves from amorphous to near perfect crystalline arrangements. We compare the
behavior of the geometrical neighbors (quasicontracts) of a grain to the evolution of the mechanical
contacts. The mechanical coordination number Zm is a key parameter characterizing the crystallization
onset. The high fluctuation level of Zm and of the force distribution in highly crystallized packings reveals
that a geometrically ordered structure still possesses a highly random mechanical backbone similar to that
of amorphous packings.
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Noncohesive granular materials can show substantial
rigidity under compression but may suffer global structural
rearrangements when vibrated or sheared, a feature
common to many soft materials and of crucial importance
in designing industrial processes [1–4]. The mechanical
stability of these systems is a rich nonlinear problem [5,6]
which intrinsically relies on a complex interplay between
geometrical and mechanical constraints at the “grain scale.”
The intricate structure of granular materials renders these
geometrical and mechanical features difficult to describe
and therefore to model [7,8].
Monodisperse frictional sphere packings naturally form
amorphous structures which might massively crystallize
under vibrations or shearing [9,10]. Friction introduces a
sharp nonlinearity in grain contact laws which challenges
our understanding of mechanically stable structures
[1,6,11,12]. Numerous experimental studies have reported
that stable disordered packings can be generated at den-
sities ranging from ϕ ≈ 0.55 to ϕ ≈ 0.64 [13–16]; some
numerical studies suggest that this density range might be
even wider [17–21]. To obtain packing densities beyond the
upper limit of the amorphous range, strong vibrations have
to be applied, and crystalline clusters inevitably form in
highly monodisperse packings [13]. Although this emerg-
ing order is known to enforce a sharp geometrical transition
on the packing structure [9,22–24], the role of the grain’s
mechanical interactions in producing stable crystalline
packings has so far been poorly addressed.
Conversely, disordered packings of frictionless spheres
have been extensively studied for their marginal stability, or
isostaticity [1,7]. The mechanical stability of such isostatic
structures is governed by subtle relations that constrain the
force and the pair distribution function [1,5,20,25].
Interestingly, recent theoretical studies suggest that a phase
diagram for frictional disordered packings can be built on
two parameters, which characterize the geometrical and
mechanical features at the grain scale [26]. This diagram
describes each grain’s neighborhood via (i) the geometrical
coordination number Zg, a geometric parameter which
allows us to estimate the number of close neighbors
surrounding a bead, and (ii) the mechanical contact number
Zm which characterizes the mechanical backbone by
quantifying the force bearing grain contacts. This approach
opens up new perspectives on how the geometrical and
mechanical features at the grain scale conspire to produce
mechanically stable packings. It has recently revealed
interesting aspects of the crystallization of numerically
generated frictionless packings [27]. These advances have
been made by considering idealistic configurations, and as
such, they raise many nontrivial questions about their
pertinence to realistic (i.e., polydisperse and frictional)
packings [1,9,28].
To date, there has been no three-dimensional (3D)
mechanical characterization of partially to fully crystallized
packings made of frictional quasimonodisperse spheres. As
a consequence, the experimental relevance of the concept
of (Zg,Zm) in characterizing crystalline frictional structures
or the evolution of intergranular forces during crystalliza-
tion are still unknown.
In this Letter, we study such packings produced under
gravity using a vibrational protocol. Our experiments
harness x-ray computed tomography, 3D image analysis,
and numerical simulations to investigate the evolution of
Zg, Zm, as well as intergranular forces, while crystallization
takes place. Zm is shown to be a key parameter in
describing the crystallization onset. Our analysis reveals
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that Zm and the intergranular forces remain highly fluctu-
ating quantities even in almost perfectly crystalline pack-
ings. The force distribution function in geometrically
ordered structures is shown to evolve substantially with
the level of crystallinity while retaining some features
similar to those observed in disordered structures [25,29].
We use monosized acrylic beads (diameter d ¼ 1 mm,
polydispersity ¼ 0.025 mm) which are packed into large
cylindrical containers (diameter ¼ 66 mm). The beads are
covered with graphite to reduce electrostatic repulsion
between the grains. The coefficient of friction between
the beads is μ ¼ 0.7 0.1. Our experimental protocol is
based on compaction by an intense fluidization of the
packing [9,30]. A batch of approximately 200,000 beads is
initially poured into a container, forming a random packing
with a volume fraction ϕ ranging from 60% to 63%. The
container is then placed on a shaker allowing for both
vertical and horizontal vibrations. The vibrations are
sinusoidal, with a frequency set to f ¼ 50 Hz. The vertical
component of the acceleration is set to 2.5g and is 5 times
larger than the horizontal one. The container is vibrated for
20 seconds. The resulting packings show substantial
crystallization with a global volume fraction ranging from
68.5% to 70%, which is well beyond Bernal’s limit
(ϕBernal ≈ 0.64). Since all the vibrating parameters are
fixed, this finite density range reflects the complex for-
mation history of our crystalline frictional packings.
Figure 1(a) shows a 3D rendering of such a partially
crystallized structure. The bright regions correspond to
locally disordered aggregates of beads; a disordered core
and the boundaries between different crystal domains are
thus highlighted. Both random and crystalline phases
coexist in the packing [see Figs. 1(b) and 1(c)].
Helical x-ray computed tomography is utilized to image
the internal 3D structure of packings with a spatial
resolution of 30 μm [9,15,31–33]. Four packings have
been imaged: two jammed packings obtained by pouring
and two partially crystallized packings. Our analyses have
been carried out over nonoverlapping cubical subsets
extracted from an inner region, four sphere diameters away
from the container walls. Each subset contains 4000 beads.
As a consequence of structural heterogeneity in partially
crystallized packings, the subsets have a wide range of
volume fractions ranging from ϕ ¼ 0.58 to ϕ ¼ 0.73.
To detect local structural changes in our packings, we
employ an extension of the bond order parameter method
[24,34] (see Ref. [35]). First, the third-order rotational
invariant of rank six, w6, is computed, and then we
determine the half-height of its cumulative distribution,
referred to as whh6 (see inset of Fig. 2). This parameter has
been shown to be an extremely sensitive measure of the
onset of the local orientational order [24]. Figure 2 shows
the variation of whh6 with packing fraction ϕ. There are two
clear structural transitions: an abrupt increase at ϕBernal ≃
0.64 corresponding to the crystallization onset, and a
plateau starting at ϕc ≃ 0.68. Remarkably, these two
densities identify clear transitions in the Voronoi volume
fluctuations and the topology of packing polytetrahedral
structures as observed in Ref. [9].
Each grain’s bulk in the 3D digital tomogram is made up
of a cluster of ≈19; 000 voxels. As a consequence, the
precision in determining grain center and diameter is
extremely high (around 10−3 μm and 5.10−2 μm, respec-
tively). It thus provides an accurate experimental measure
of grain overlap, which in turn gives us access to the
mechanical backbone. This direct approach allows us to
determine the mechanical contacts for normal forces as low
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FIG. 1 (color online). (a) 3D visualization of a partially crystal-
lized packing containing 200,000 beads. (b, c) 2D vertical and
horizontal slices through the tomogram shown in (a). The cylin-
drical container is 66 mm in diameter and is filled with 1 mm
diameter beads.
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FIG. 2 (color online). Local order parameter whh6 versus ϕ.
Inset: Calculation of whh6 from the cumulative distribution
Fðw6Þ ¼
R
w6
−∞ PðwÞdw for two volume fractions [PðwÞ is the
PDF of w6].
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as 10−4 N, while the average normal force is hFni ≈
10−1 N in our experiments.
Force bearing contacts are an extremely sensitive feature
of hard sphere packings [26], which are inevitably affected
by intrinsic experimental limitations such as the finite
spatial resolution or the binarization of the tomogram.
To further assess the robustness of our mechanical char-
acterization, experimental packing structures are sub-
sequently post-processed by a discrete element method
(DEM) code [36]. The DEM uses a Hertz-Mindlin contact
model to compute the forces (both normal and frictional)
between the grains (see Ref. [35]). During the DEM
simulations, packing structures are relaxed under gravity.
This second approach allows us to resolve the network
of force bearing contacts with numerical precision. The
results can be compared with the direct experimental
characterization.
To explore how crystallization-induced grain rearrange-
ments affect the mechanical and geometrical features of our
packing at the grain scale, we investigate each grain’s
proximity in terms of its touching and almost-touching
neighbors [5,20,26].
We employ the approach developed in Refs. [26,27],
which assumes that the topology of a grain neighborhood
can be described by two different average coordination
numbers: (i) the mechanical coordination number Zm
which characterizes the contacts that bear forces, and
(ii) the geometrical coordination number Zg which is
defined as the maximum of the modified radial distribution
function [26] (see Ref. [35]). Zg includes both force-
bearing contacts and the number of grains close enough
to be considered as immediate neighbors. It has recently
been shown how these quasicontacts participate in the
mechanical stability of marginally stable solids [5,20].
Figure 3(a) shows that Zg and Zm evolve quite differently
during the crystallization. Zg continuously increases over
the entire range of volume fraction ϕ. Its evolution can be
fitted by Zg ≈ 2
ffiffiffi
3
p
ϕ=ð1 − ϕÞ [26].
Conversely, several regimes are observed in the evolu-
tion of Zm with ϕ. In disordered packings (ϕ < ϕBernal), Zm
grows substantially with packing densification. As ϕ
increases from 0.64 to 0.68, Fig. 3(a) shows a plateau
region in Zm, where we measure Zm ≈ 5.6. Beyond
ϕc ≃ 0.68, Zm increases again up to Zm ≈ 6.8 at
ϕ ¼ 0.73. In highly crystalline packings, there is still a
substantial difference between Zg and Zm.
Thus, our experiments prove some level of universality
of a mechanical feature recently observed in the numerical
modeling of frictionless packings [27]: Zm stays constant
for ϕ ∈ ½0.64; 0.68. Here we show that this feature is
recovered in frictional packings, which were obtained by
applying intense vibrations.
However, we stress three clear distinctions from the
scenario presented in Ref. [27]: (i) Zm undergoes a sharp
transition at the crystallization onset in packings for which μ
is constant. (ii) For frictionless packings, Zm shows a plateau
at Zplat ¼ 6. In our experiments, we found Zplat ≈ 5.6; thus,
Zplat might be friction dependent. (iii) Although the friction
coefficient μ is constant, Zm increases with the compaction
of disordered packings, in agreement with Ref. [36]. It
highlights the importance of preparation history in the
packing formation. It also suggests that a unique generalized
isostatic condition relating Zm and μ does not characterize
these frictional disordered packings which are thus hyper-
static [1]. In the case of perfectly monodisperse spheres, the
presence of crystalline aggregates forbids the comparison
between Zm and the classical isostatic counting [27].
However, the weak, yet finite, polydispersity of our spheres
removes this constraint and ensures that our partially
crystallized packings are hyperstatic [7].
At ϕ ≥ 0.64, there is an abrupt increase in the difference
(Zg − Zm) while Zm stays almost constant. It suggests that
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FIG. 3 (color online). (a) Geometrical Zg and mechanical Zm coordination numbers versus the volume fraction ϕ. Zm is computed
from both the direct estimation of grain overlaps (Exp) and the packing structure after DEM relaxation (DEM). Zg, Zm, and ϕ are
averaged over 4000 bead subsets. Zg is fitted by Zg ¼ α.2
ffiffiffi
3
p
ϕ=ð1 − ϕÞ [26] with α ≈ 1.1. (b) Standard deviation σg and σm of Zg and
Zm, respectively, versus ϕ computed over 4000 bead subsets. (c) Zg and Zm (Exp and DEM) averaged at the grain scale versus the local
volume fraction ϕvor.
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an increasing number of close neighbors (i.e., Zg − Zm)
leads “touching” neighbors to roll or slide at the surface of
each grain, until the grains reach a more crystalline
configuration [37].
In Fig. 3(a), Zm and the packing fraction ϕ are averaged
over 4000 grains. However, Zm can also be measured for
individual grains and compared with the local volume
fraction ϕvor ¼ ðπd3=6VvorÞ, where Vvor is the volume of
the Voronoi cell surrounding a grain [9]. Figure 3(c) shows
the trend of Zm versus ϕvor, which consists of three distinct
regions similar to those observed in Fig. 3(a). In particular,
there is a clear plateau region in the range ½ϕBernal;ϕc. We
emphasize that this mechanical feature [Figs. 3(a) and 3(c)]
is supported by direct experimental measurements based on
the estimation of grain overlaps as well as the DEM results
obtained with numerical precision.
Figure 3(b) shows the standard deviation σg and σm of
the fluctuations in Zg and Zm versus ϕ. A sudden rise in σg
signals the crystallization onset at ϕBernal, and these high
levels of fluctuations persist for ϕBernal < ϕ < ϕc. Beyond
ϕc, σg drops abruptly. Conversely, σm increases steadily and
peaks at σm ≈ 2 for ϕ ≈ 0.73. Such evolution for σm has
been observed in simulations of monodisperse sphere
packings [27]; thus, a high level of fluctuations in the
mechanical backbone of almost crystalline structures may
be independent of the low polydispersity of our spheres.
Moreover, the persistence of a high fluctuation level σm for
ϕ > ϕc along with a significant drop in the geometric
fluctuations σg, reveals that a geometrically ordered struc-
ture can have a highly random mechanical backbone. A
global picture emerges for highly crystallized packings,
where the topological structure of the mechanical contact
network might be mapped onto the sites of a regular lattice
with random connectivity.
We now assess the changes in the intergranular forces
that occur with the aforementioned evolution of the
contact network topology. In Figs. 4(a) and 4(b), we
show the probability density function (PDF) of the
normal and tangential forces at the contact scale for
increasing ϕ. All PDFs have exponential tails which not
only persist but also become more pronounced in highly
crystalline structures. The enhancement of exponential
tails is consistent with the presence of a mechanical
contact network, which remains random and shows
increasing fluctuations at high ϕ values. The 3D force
PDFs evolve substantially with the level of crystallinity.
This conclusion is in sharp contrast with the results
obtained in a previous study [38] where the 2D distri-
butions of normal forces measured at the boundaries of
packings were found to be almost identical in amorphous
and perfectly crystalline packings.
For ϕ > ϕBernal, a pronounced peak grows at low forces
(F ≈ 0.1hFi) for both normal and tangential force compo-
nents. In marginally stable, isostatic, disordered packings,
the existence of weak forces is found to be a destabilizing
factor, while an abundance of quasicontacts plays a
stabilizing role [5,20]. Interestingly, a crystal composed
of weakly polydisperse frictionless beads can be isostatic
and have properties similar to those of jammed matter [39].
Our frictional crystallized packings are hyperstatic and
have a large number of quasicontacts, i.e., large (Zg − Zm)
values. Both features secure the mechanical stability of the
packing and thus allow the presence of numerous weak
forces within the mechanical backbone.
In summary, we have shown the existence of a plateau in
the mechanical coordination number Zm in frictional
packings with densities in the range (0.64 < ϕ < 0.68).
This plateau might be a universal feature of partially
crystallized packings for which there is, as yet, no theory.
As the geometric order grows, so do the fluctuations in the
force network. Consequently, an almost crystalline struc-
ture made of weakly polydisperse beads still possesses a
highly random mechanical backbone. Moreover, the num-
ber of quasicontacts increases as crystallization takes place.
We suggest that this behavior plays a role in the mechanical
stability of partially crystallized packings and might influ-
ence the shape of the force PDF. Persistent exponential tails
(a)
(b)
0
1
2
3
4
5
6
7
0 1 2 3 4 5
=0.6282
=0.6356
=0.6518
=0.6814
=0.6906
=0.7240
P
D
F
F
n
 / <F
n
>
0.1
1
10
0 1 2 3 4 5 6
P
D
F
F
n
 / <F
n
>
0
1
2
3
4
5
6
7
8
0 1 2 3 4 5
=0.6282
=0.6356
=0.6518
=0.6814
=0.6906
=0.7240
P
D
F
F
t
 / <F
t
>
0.1
1
10
0 1 2 3 4 5 6 7
P
D
F
F
t
 / <F
t
>
FIG. 4 (color online). PDFs of the normal and tangential
intergranular forces, in (a) and (b), respectively, versus volume
fractionϕ. The PDFs and the average forcevalue hFi are computed
over 4000 bead subsets. Insets: log-lin plot of the PDFs.
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in the large force range and pronounced peaks in weak
forces are observed in the force distributions beyond the
crystallization onset, and they become even more pro-
nounced with increasing ϕ.
These novel experimental observations further support
the conclusions drawn in recent numerical studies [39,40].
These results show that regular lattices made of weakly
polydisperse beads [39] or highly ordered, yet imperfect,
structures made of frictionless spheres [40] have mechani-
cal properties best described by those of amorphous
packings.
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